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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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The problem of a magneto-electro-elastic coating bonded to an orthotropic strip with multiple cracks is analyzed. The problem is solved under 
anti-plane shear and in-plane el tric and mag tic loading. First, an analytical solut on is developed c nsidering a single dislocation problem. 
Fourier transforms are applied to reduce problem to system of singular integral equations, in which the unknown variables are dislocation 
densities. The integral equations are of the Cauchy singular kinds which are solved to determine stress intensity factors at the crack tips. The 
results show that the stress intensity factors at the crack tips as influenced by the imperfect bonding coefficient, the crack geometry and 
material properties of the orthotropic substrate
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1. Introduction
The concept of magneto-electro-elastic material h s been introduced in coating design as an alternative to the conventional 
coatings. To gain dvanced performance, piezoelectric-piezomagnetic components are often made as layered structures. Layered 
structures made of piezomagnetic materials exhibit magneto ectric effect t at is not pres nt in single phase piezoelect ic or 
piezomagnetic materials. Therefore, it is necessary to advance our underst nding of the ch racteristics of magneto-electro-ela ti  
coating with cracked substrate. Orthotropic compos t s are ometimes used as the substrate of layered 
piezoelectric/piezomagnetic devices to enhance mechanical performance. Song and Sih (2003) investigated the crack initiation 
behaviour in a magneto-electro- lastic composite under in-plane deformation. Exact treatment on the crack problems in magneto-
electro-elastic solids is considered by Gao et al. (2003). The anti-plane shear crack problem in an infinite piezoelectromagnetic 
medium using complex variable method is investigated by Wang and Mai (2005). Wang et al. (2006) considered the crack facing 
electromagnetic boundary conditions of a crack in a magneto-electro-elastic layer. Zhou et al. (2007) analyzed mode I crack 
problem in an infinite electromagnetic medium assuming magneto electrically permeable crack surfaces. Tian and Rajapakse 
(2008) gave a fracture analysis of crack branching in magneto-electro-elastic solids by extending the generalized dislocation 
model. The problem of FGPM coating containing a permeable crack under anti-plane loading with a Kelvin-type viscoelastic 
interface have been solved by Cheng and Zhao (2009). Peng and Li (2009) studied the interface crack problem for homogeneous 
magneto-electro-elastic substrate with a functionally graded coating. The mode III crack problems in a functionally graded 
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piezoelectric layer bonded to a piezoelectric half-plane are analyzed by Ding and Li(2008). Rokne et al. (2012) solved the 
problem of a moving crack in a piezoelectric layer bonded to dissimilar elastic infinite spaces. The mode III impermeable crack 
cutting perpendicularly across the interface between two dissimilar semi-infinite magneto-electro-elastic solid is analyzed by 
Wan et al. (2012). Mousavi and Paavola solved the problem of a cracked functionally graded piezoelectric–piezomagnetic layer 
under anti-plane mechanical and in-plane electric and magnetic fields. (2013). To the best knowledge of the authors, the problem 
of cracked orthotropic strip with an imperfect magneto-electro-elastic coating has not reported in the literature.
The main objective of this paper is to investigate the effects of crack geometry and imperfect bonding coefficient on the stress 
intensity factors in a cracked orthotropic substrate with magneto-electro-elastic coating. It is assumed that the bonding between 
magneto-electro-elastic coating and the orthotropic substrate is modeled as a linear spring. Fourier transforms was applied to 
governing equations to derive a system of singular integral equations with a simple Cauchy kernel. The dislocation density is
assumed to be the unknowns. The problem was solved numerically by converting to a system of linear algebraic equations and by 
using collocation technique. The technique developed in this paper is general and may easily extend to the analysis of the 
problem of interaction of more than one crack. The results compiled are especially well studied for studying the delamination
problem in magneto-electro-elastic thin films bonded to orthotropic substrate.
2. Statement of the problem
We consider screw dislocation in an orthotropic strip bonded to a magneto-electro-elastic coating. The method of distributed 
dislocations is a well established method of modeling defects in elastic medium. The constitutive equations, which relate shear 
stress zxσ and zyσ , the electric displacements xD and yD and the magnetic induction xB and yB are expressed as :
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where xE xφ= −∂ ∂ and yE yφ= −∂ ∂ are electric fields, xH xψ= −∂ ∂ and yH yψ= −∂ ∂ are magnetic fields, w , φ and 
ψ are the elastic displacement, electric and magnetic potentials. The governing equations of magneto-electro-elastic materials 
are 
0, 0, 0zy y yzx x x
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The constitutive equations for the orthotropic substrate may be expressed as:
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σ σ
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(3)
where xG and yG are the orthotropic shear moduli of elasticity of material. In this study it is assumed that the x- and y-axes are 
in the directions of principal material orthotropy. The linear magneto-electro-elastic material is governed by the following 
equations in Cartesian coordinate system:
2 2 2
44 15 15 0c w e hϕ ψ∇ + ∇ + ∇ =
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where 2 2 2 2 2x y∇ = ∂ ∂ + ∂ ∂ is the two-dimensional Laplace operator. Substitute Eq. (3) into equilibrium equations, neglecting 
the body force, we will have:
2 2
2
22 2 0, 0
w wg h y
y x
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+ = − < <
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(5)
where 2 x yg G G= .To account for the possible damage occurring on the interface, we assume that both the coating-substrate 
interface is imperfect. It is assumed that the interface is damaged mechanically, which is modeled by the spring-type relation as 
follows (Wang et al. (2007), Asadi et al. (2012), Bagheri et al. (2015))
( ,0 ) [ ( ,0 ) ( ,0 )]yz x k w x w xσ
+ − += −
( ,0 ) [ ( ,0 ) ( ,0 )],yz x k w x w x xσ
− − += − < ∞ (6)
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where k is the spring constant quantifying the bonding imperfection at the interface 0y = . Solutions of Eqs. (4) and (5) with 
the help of Fourier transforms are taken in the form:
*
1 2
*
1 2 1
*
1 2
( , ) ( ) ( )
1( , ) [ ( ) cosh( ) ( ) sinh( )] 0
2
( ) ( )( , )
i x
w s y C s C s
s y D s sy D s sy e dx y h
E s E ss y
ωϕ
π
ψ
+∞
−
−∞
            = + < <              
∫
1 2*
1 2 2
( ) ( ) 01( , ) ( cosh( ) sinh( ))
( ) ( )2
i xA s A s yw s y sgy sgy e dx
B s B s h y
ω ξ
ξπ
+∞
−
−∞
< <   
= +    − < <   ∫ (7)
Thus, there are all together ten unknown functions , , ,i i i iA B C D and , ( 1, 2)iE i = which may be determined from the 
following boundary, continuity and limiting conditions: 
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where wzb is the displacement jump across the slip plane, (.)H is the Heaviside step-function. Substituting coefficients into (7) 
with the aid of constitutive equations after some routine manipulations, we find that
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The difficulty in the solution of the problem comes from the evaluation of integrals (9), which are represented by infinite 
integrals that contain singularities, on the path of integration. In order to determine the possible singular behavior of (9), the 
behavior of the integrands (9) at x η= and y ξ= needs to be examined. For this, it is sufficient to determine and separate those 
leading terms in the asymptotic expansion of kernels for s →∞ that would lead to unbounded integrals. After performing this 
separation it can be shown that
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where the Cauchy-type singularity at the dislocation location have been separated through a standard asymptotic analysis. All 
integrals in Eq. (11) decay reasonably fast as s →∞ . 
2. The Integral Equations
The formulation accomplished the previous section can be used to analyze layers containing multiple cracks. Let the substrate 
weakened by N embedded cracks. The cracks configurations may be expressed in parametric form as
{ }( ), ( ), 1, 2,..., 1 1i i i ix x s y y s i N s= = ∈ − ≤ ≤              (12)
The movable orthogonal coordinate system n–s is chosen on the i-th crack such that the origin locates on the crack while the s-
axis remains tangent to the crack surface. The stress components on the surface of i-th crack in the Cartesian coordinates ),( yx
become:
( , ) cos sinnz i i zy i zx ix yσ σ ϕ σ ϕ= −                    (13)
where iφ is the angle between x and s axes. A crack is constructed by a continuous distribution of dislocations. Suppose 
dislocations with unknown density wzb are distributed on the infinitesimal segment 2 2( ) ( )j jx y dt′ ′+ at the surface of the j th 
crack where 1 1t− ≤ ≤ and prime denotes differentiation with respect to the relevant argument. The traction components on the 
surface of the i th crack at a point with coordinates, ( ( ), ( ))i ix s y s , due to the presence of the above-mentioned distribution of 
dislocations on all N cracks, we obtain the following integral equations for the dislocation densities:
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Equations (14) must be satisfied at every point along the crack and is to be solved for the unknown density ( )wzb t . The kernel in 
the above equation is 
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The left hand side of Eq. (14) is stress components at the presumed location of the cracks with negative sign. Since stress 
component (11) are Cauchy singular at the dislocation location, the system of integral equations (14) for the density functions are 
Cauchy singular for ji = as ts → . Employing the definition of dislocation density function, the cracks opening displacement 
for embedded crack becomes:
2 2
1
( ) ( ) ( ) [ ( )] [ ( )] 1, 2,..., .
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The integral equations must be solved under the following single-valuedness conditions:
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−
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To evaluate the dislocation density, the Cauchy singular integral equations (14) and (17) ought to be solved simultaneously. The 
stress fields in neighborhood of crack tips behave like 1 r where is the distance from the crack tips. Therefore, the 
dislocation densities are taken as
2
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1
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             (18)
The parameters )(tgzj are obtained via solution of the system of equations. The stress intensity factors may be written in terms 
of crack opening displacement takes the form
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where L and R designate, the left and right tips of a crack, respectively, and 
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2 2 2 22 2( ( ) ( 1)) ( ( ) ( 1)) , ( ( ) (1)) ( ( ) (1)) .Li i i i i Ri i i i ir x s x y s y r x s x y s y   = − − + − − = − + −                 (20)
from (20) it may easily be shown that 
1 1
2 2 2 24 4[ ( 1)] [ ( 1)] ( 1), [ (1)] [ (1)] (1).
2 2
y x y xM M
Li i i zi Ri i i zi
G G G G
K x y g K x y g   ′ ′ ′ ′= − + − − = − +                 (21)
3428 M. Nourazar et al. / Procedia Structural Integrity 2 (2016) 3423–3431
6 Author name / StructuralIntegrity Procedia  00 (2016) 000–000
The integral equations (14) are solved and the intensity factors are calculated.
3. Numerical results and discussions
In this section the results of a number of numerical examples that may have some physical importance will be discussed. In the
following examples, the quantity for making the stress intensity factors dimensionless is 0 0
MK Lτ= where L is the half length 
of crack. The layers are under constant anti-plane traction. In the numerical results, we consider a magneto-electro-elastic layer 
with properties are given as follows
2
10 10 4 11
44 15 11 15 11 112 2 2 24.53 10 , 11.6 , 0.8 10 , 550 , 5.9 10 , 0.5 10 ,
N C C N Ns Nsc e d h
Am VCm m Vm C
γ β− − −= × = = × = = − × = ×
Fig. 1. shows the variations of the normalized stress intensity factors with 1 2/h h for the 
1/ ( )yk G m
−= ∞ and different values 
of the orthotropic shear moduli. As seen from the figure the stress intensity factors decrease with the increase of the 1 2/h h , 
which means that stress intensity factor will be smaller when the coating turns thicker. It does not show remarkable differences 
for 1.2g = .
Fig. 1. Normalized stress intensity factor with 1 2h h for different ratios of shear moduli.
Fig. 2 shows the stress intensity factors for bonded dissimilar materials containing a crack perpendicular to the interface. Note 
that as the crack tip approaches the interface the stress intensity factors are increased. This well-known behavior is due to the fact 
that for 2 / 2cy h= the power of the stress singularity is changed. 
Fig. 2. Normalized stress intensity factor of a crack perpendicular to the interface.
1h
2h
corthotropi
elasticelectromagneto −−
cy
1h
2h
2h
corthotropi
elasticelectromagneto −−
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Fig. 3 is drawn to show the effect of crack orientation on the stress intensity factors. The crack LR with length 2 0.08( )L m= is 
rotating around its center which is fixed on the center-line of the orthotropic layer. The maximum value of 0/
M MK K occurs at 
1 0θ =
 which indicates that the traction on the crack surface is maximum. Also, it can be seen that at 2θ π= the traction on the 
crack surface vanishes. Therefore, the stress intensity factors are zero. Moreover, the stress intensity factors decreases with 
increasing the bonding coefficient at the interface.
Fig. 3. Normalized stress intensity factor of a rotating crack for different bonding coefficient.
Fig. 4 depicts the variation of the dimensionless stress intensity factors of two equal-length straight cracks are situated on the 
center-line of the orthotropic substrate. The angle θ defines the orientation of the rotating crack with respect to the x-axis. As 
physically expected, for the stationary crack, 0/
M MK K is symmetric with respect to the line 2θ π= and the variations of 
stress intensity factors at crack tips 1L and 1R , which are due to the interaction with inclined crack, are not significant. Also for 
2θ π= , the traction vanishes on the second crack 2 2L R and stress intensity factors are zero. 
Fig.4. Normalized stress intensity factors of a stationary and a rotating crack.
Finally, Fig. 5 shows the orthotropic layer with magneto-electro-elastic coating weakened by two circular arc cracks. The plot of 
dimensionless stress intensity factors for two different orthotropic shear moduli, versus angle φ is depicted in Fig. 5. The 
parametric representations of two circular cracks are:
cos( ), sin( ), 1 1, 1,2.i i i ia t a t t iα ϕ β ϕ= = − ≤ ≤ =
It can be seen that an increase in φ causes an increase in the stress intensity factors. These trends are also observed for 
varyingratio of shear moduli, that is for any crack geometry as increases, the stress intensity factors increase.
1h
2h
2h
corthotropi
elasticelectromagneto −−
1h
2h
2h
1L 1R
2L
2R
L25.2
elasticelectromagneto −−
corthotropi
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Fig. 5. Normalized stress intensity factors for two circular arc cracks.
4. Conclusions
In this paper, fracture analysis for bonded medium composed of orthotropic substrate with a magneto-electro-elastic coating is 
considered. Dislocation solution is obtained to derive integral equations for the orthotropic substrate under anti-plane mechanical 
and in-plane electric and magnetic loading for impermeable crack surface boundary conditions. The results for stress components 
exhibit the well-known Cauchy- type singularity at the dislocation location. Numerical result indicates that the stress intensity 
factors are influenced by the geometry of the layers and cracks, the material properties. Among other findings, we observed that 
stress intensity factors are enhanced as the bonding imperfection decreases.
Appendix
The unknown coefficients are:
2
1
2 2
sinh( ( ))
( ) ( ( ) )
cosh( ) sinh( )
is
wz
sg hiA s b s e
s sgh sgh
η χ ξπδ
χ
− + = −  − 
(A-1)
2
2
2 2
sinh( ( ))
( ) ( ( ) )
cosh( ) sinh( )
is
wz
sg hiA s b s e
s sgh sgh
η ξπδ
χ
− + = −  − 
(A-2)
1 2
2 2
cosh( ) sinh( )( ) ( ( ) ) [ ]cosh( )
cosh( ) sinh( )
is
wz
i sg sgB s b s e sgh
s sgh sgh
η ξ χ ξπδ
χ
− + = −  − 
(A-3)
2 2
2 2
cosh( ) sinh( )( ) ( ( ) ) [ ]sinh( )
cosh( ) sinh( )
is
wz
i sg sgB s b s e sgh
s sgh sgh
η ξ χ ξπδ
χ
− + = −  − 
(A-4)
2
1 1
1 2 2
sinh( ( ))
( ) ( ( ) ) cot ( )
cosh( ) sinh( )
y x is
wz
G G sg hiC s b s e gh sh
s sgh sgh
η ξπδ
α χ
− + = − −  − 
(A-5)
2
2
1 2 2
sinh( ( ))
( ) ( ( ) )
cosh( ) sinh( )
y x is
wz
G G sg hiC s b s e
s sgh sgh
η ξπδ
α χ
− + = −  − 
(A-6)
1 2 1 2( ) ( ) ( ) ( ) 0D s D s E s E s= = = = (A-7)
where 1
44 2 15 3 15
cot ( )
[ ]y x
G G k gh shs
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χ
α α
= −
+ +
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